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Abstract
In this paper we explore the correlations in the geometric states. Here the geometric state
means the state in CFTs that can be effectively described by classical geometry in the bulk in the
semi-classical limit G → 0. By using the upper bound of Holevo informaion we show the covex
combination of geometric states cannot be a geometric state. To understand the duality between
thermofield double state and eternal black hle, we construct several correlated states of two CFTs.
In all the examples we show their correlations are too weak to produce the a connected spacetime.
we review the measure named quantum discord and use it to characterize the classical and quantum
correlations in quantum field theories. Finally, we discuss the correlations between two intervals A
and B with distance d in the vacuum state of 2D CFTs with large central charge c. The feature
is the phase transition of the mutual information I(ρAB). We analyse the quasi-product state
of ρAB for large d. By using the Koashi-Winter relation of tripartite states the quantum and
classical correlations between A and B can expressed as Holevo information, which provides a new
understanding of the correlations as accessible information.
∗wuzhong@hust.edu.cn
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1 Introduction
For a given quantum state, generally the structures of multipartite correlations are complicated, which
include classical correlation and quantum correlation. Entanglement is the main feature of the quan-
tum correlation but not the only. Usually, it is not an easy task to characterize and quantify the
quantum correlation even for bipartite states, see, e.g., the review [1].
For quantum field theories (QFTs) the correlations between different regions are closely related to the
intrinsic parameters of the theories. For particle physics the correlation functions are used to detect
the parameters of the underlying theory. The theories with gravity dual are special since it is found
some measures of entanglement may be associated with some geometric quantities. The dual relations
open us a new way to explore the structure of correlations in QFTs as well as emergence of spacetime
of gravity theories.
In the context of AdS/CFT the celabrated Ryu-Takayanagi (RT) formula [2] show the entanglement
entropy (EE) of a subsystem A is associated with a minimal surface in the bulk homologous to the
A. Based on RT formula many fruitful results have given us more deep understanding on AdS/CFT
and spacetime emergence, see a recent review on this direction[3]. The entanglement wedge defined as
the region surrounded by the subsystem A and its minimal surface provides a nature understanding
of subregion/subregion duality[4]-[7]. For two subsystems A and B the minimal cross of entanglement
wedge is an interesting geometric quantity in the bulk. It is conjectured to be associated with entan-
glement of purification (EoP) of state ρAB [8][9], see also other possible conjectures[10]-[12].
A notable fact is that the proposal of the gravity dual of some special measures should be only
right for the geometric states. We define the geometric states as the states in conformal field thoeries
(CFTs) that can be described by a classical geometry in the semi-classical limit G → 0, or the large
central charge limit c→∞. So an important question is how to judge whether a state is a geometric
one or not. At present there is no short criterion on this problem[3].
In fact we only know very few examples that are gemetric or not. In the paper one of our motiva-
tion is to study the set of geometric states. Specially, we focus on the problem that whether the set of
geometric states is convex. The short answer is no. Our method is using the Holevo information which
is used as accessible information of a given ensemble. It can also be a measure of the distinguishability
among the microstates of the ensemble. We estimate the upper bound of the a convex combination
of geometric states denoted by ρgc , and find it is at most be
1√
G
or
√
c. This means the holographic
entanglement entropy is quasi-linear. But if the state ρgc is a geometric state, we may use the RT
formula to calculate the EE, the result is that the Holevo information is not vanishing. Therefore, we
expect the assumption that ρgc is a geometric state is not right.
By the argument from [13] one expect the entanglement is important for the emergence of con-
nected spacetime. Entanglement is the main feature of quantum correlation, but it is not the only
source of quantum correlation. Even the separable state, it is possible to have quantum correlation
measured by quantum discord[14][15]. To catch the feature of correlations in geometric states, it is
useful to discuss classical and quantum correlation respectively rather than just talking about entan-
glement. Using the eternal black hole as an example, we construct states with less correlations than
the thermofield double state. One of the example is a state with only classical correlation. We find
the correlator with operators inserted at the opposite boundary of eternal black hole is vanishing in
the thermodynamic limit L → ∞, where L is the spatial size of the boundary. The other examples
have quantum correlations, but the correlator is also vanishing. This suggests these states have less
quantum correlations than the thermofield double state thus fail to be dual to the eternal black hole.
In QFTs the quantum correlation between arbitrary regions is very general as a consequence of the
Reeh-Schlieder property of the vaccum. Consider two subregions A and B with spacelike distance d.
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For large enough d, we would expect the two subregions will lose correlation, i.e., ρAB = ρA⊗ρB+δρAB,
where δρAB is a small perturbation depending on the distance d. The feature of the CFTs with grav-
ity dual is that there exists a critical point of d such that the correlation has a phase transition.
We disccuss this phenomenon in the vacuum for 2D CFTs with large central charge c. The mutual
informaiton of ρAB seems to be sensitive to the perturbation of the spectrum near e
−2(bA+bB) where
bA(B) =
c
6 log lA(B)/.
Further on A and B, we derive some relations between the correlations between A,B and its com-
plementary. These relations involve of the measures quantum discord and entanglement of formation.
Finally the quanutm correlation and classical correlation between A and B are expressed as the Holevo
information, which is taken as the accessible information of a given ensemble.
This paper is organized as follows. We firstly discuss the set of geometric state. In the section.2.3 by
using the upper bound of Holevo information we derive the holographic entanglement entropy should
be quasi-linear. But once assumed the convex combination of geometric state is a new geometric
state, one would get an inconsistent result. This suggests the set of geometric state is not convex.
In section.2.4 we review the analytical results of Holevo information of an interval with length ` in
2D CFT with the canonical and microcanonical ensemble thermal state. We further show the Holevo
information is vanishing in the large L limit up to order O(`12). The results in this section will
be used in next section. Then we explore the correlations in geometric states. For the example of
eternal black hole, we construct several states which has less correlation than thermofield double state.
These examples show the large quantum correlation is important for a geometric state. In section.3.3
we review the operational measure to quantify quantum and classical correlation and classification of
states by correlation. We also point out the existence of quantum correlation is general in QFTs states
satisfying Reeh-Schlieder property. In the section.3.5 we mainly focus on the example of two intervals
in 2D CFTs. An interesting feature is the phase transition of the mutual information depending on
the distance between this two intervals. We find some special property of the mutual information in
large central charge limit. The mutual information between the two intervals can be expressed as the
Holevo information. Conlcusion is in section.4.
2 Geometric states
We call a state in CFT to be geometric if it can be effectively described by a classical geometry, or
more precise, the expectation values of observables or equally correlators in this state are consistent
with the holographic results in the semiclassical limit G→ 0. Otherwise we call the states to be non-
geometric. In [16] the authors have shown some non-geometric states in 2D CFT with large central
charge c, such as some special descendant states or the superposition of two geometric pure states.
But at present we have no effective method to test whether a given state is geometric or not.
Given a set of states ρi with i = 1, 2, ..., n, one can construct a new density ρ matrix by convex
combination,
ρ :=
∑
i
piρi, (1)
with 0 ≤ pi ≤ 1 and
∑
i pi = 1. For the state (1) we can define an useful upper bound of the accessible
information of an observer who can perform any measurement on this state, named Holevo bound or
Holevo information. In this section we will use Holevo information to get some interesting properties
for geometric states.
2.1 Holevo Information and its upper bound
The Holevo information denoted by χ is defined as
χ(ρ) := S(ρ)−
∑
piS(ρi), (2)
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where S(ρ) is the Von Neumann entropy of the state ρ. By using the relative entropy
S(σ||ρ) := tr(σ log σ)− tr(σ log ρ) (3)
for two states σ and ρ, one may rewrite the Holevo information as the averge relative enropy,
χ(ρ) =
∑
i
piS(ρi||ρ). (4)
Since the relative entropy is one kind of distance measure between two states, the Holevo information
can also be used to characterize the distinguishability of the states ρi. Specially, if ρi = |i〉〈i| with
〈i|j〉 = δij , we can perfectly distinguish the states ρi, in this case the Holevo information χ(ρ) = S(ρ).
While for ρi = ρ one cannot distinguish the states ρi by any measurement, in this case we have
χ(ρ) = 0.
The Holevo information χ(ρ) satisfies the following inequality
0 ≤ χ(ρ) ≤ H(pi), (5)
where H(pi) := −
∑
i pi log pi is the Shannon entropy of the probability pi. A lower upper bound of
χ(ρ) is derived in [17]. Let T (ρi, ρj) :=
1
2 ||ρi − ρj ||1, where T (ρi, ρj) is the trace distance between the
two states ρi and ρj . The factor
1
2 ensures 0 ≤ T (ρi, ρj) ≤ 1. Let t = maxρi,ρjT (ρi, ρj), we have the
following bound
χ(ρ) ≤ H(pi)t. (6)
The new upper bound is much lower than (5) for the case t is very small.
2.2 Two qubits example
For two qubits system, we have the basis |0〉 and |1〉. Let’s consider the following state
ρ = pρ1 + (1− p)ρ2. (7)
with 0 ≤ p ≤ 1 and
ρ1 = cos
2(θ)|0〉〈0|+ sin2(θ)|1〉〈1〉, ρ2 = cos2(φ)|0〉〈0|+ sin2(φ)|1〉〈1〉, (8)
where 0 ≤ θ, φ ≤ 2pi. By definition we get the Holevo information
χ(ρ) = − [p cos2(θ) + (1− p) cos2(φ)] log [p cos2(θ) + (1− p) cos2(φ)]
− [p sin2(θ) + (1− p) sin2(φ)] log [p sin2(θ) + (1− p) sin2(φ)]
+ 2p
(
sin2(θ) log[sin(θ)] + cos2(θ) log[cos(θ)]
)
+ 2(1− p) (sin2(φ) log[sin(φ)] + cos2(φ) log[cos(φ)]) . (9)
The trace distance between ρ1 and ρ2 is
t = T (ρ1, ρ2) =
1
2
√
(ρ1 − ρ2)2 = | cos2(θ)− cos2(φ)|. (10)
If the distance between ρ1 and ρ2 is small, e.g., taking φ = θ +  with  1, we have
χ(ρ) = 2p(1− p)2 +O(3), t = 2| cos(θ) sin(θ)|+O(2). (11)
In this case H(p) = −p log(p)− (1−p) log(1−p) is a very bad upper bound for χ(ρ), but H(p)t, which
is O(), gives a much better bound for the Holevo information. We plot the Holevo information and
its upper bound in Fig.1.
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Figure 1: Plot for the Holevo information and its two upper bound.
2.3 The set of geometric states
In this section we will use the Holevo information to study the set of geometric states. Support the
set of the geometric states G = {ρgi } (i = 1, 2, ...), we would like to show the convex combination of
the geometric states cannot be a geometric state, that is
ρc =
∑
i
piρ
g
i /∈ G, (12)
where
∑
i pi = 1.
2.3.1 General dimension
The general asymptotic d+ 1 dimensional bulk solutions can be formulated in the Fefferman-Graham
(FG) coordinate, the metric is
ds2 =
L2
z2
(
dz2 + gµν(z, x
µ)dxµdxν
)
, (13)
where gµν = ηµν + z
dtµν +O(z
d+1). Here we only consider the CFT lives on the flat spacetime at the
boundary z = 0. The stress-energy tensor Tµν of the dual state ρ is associated with tµν with
〈Tµν〉ρ = dL
d−1
16piG
tµν . (14)
The stress energy tensor in the state ρc is
〈Tµν〉ρc =
∑
i
pi〈Tµν〉ρgi =
dLd−1
16piG
∑
i
piti,µν , (15)
where ti,µν is the metric perturbation dual to the geometric state ρ
g
i .
Now let’s consider the entanglement entropy for subsystem on the time slice t = t0. For our purpose
taking the subsystem A to be a sphere with radius R. The tensor tµν also has an energy density
scale m which is associated with energy scale of the perturbation. We can always choose the size R
is very small, i.e., Rd  1/m. Since the size of the sphere can be arbitrary small, in this subregion
we can take the stress-energy tensor to be constant. In this limit we can perturbatively calculate the
entanglement entropy of A . In general, the entanglement entropy of A in the geometric state ρ would
have the following form,
S(ρA) = S(ρ0,A) +R
dS1 +R
2dS2 +O(R
3d), (16)
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where ρ0,A := trA¯|0〉〈0|1. The first order correction S1 is proportional to the energy density 〈T00〉ρ,
while the second order correction S2 is related to 〈T00〉2ρ, 〈T0k〉2ρ, 〈Tkl〉2ρ. More precisely, we have
S1 =
c1
16piG
〈T00〉ρ, S2 = − 1
16piG
(
c2〈T00〉2ρ + c3〈T0k〉2ρ + c4〈Tkl〉2ρ
)
, (17)
in which c1, c2, c3, c4 ≥ 0. One can get the above conclusion by using relative entropy S(ρA|||ρ0,A).
We can write the relative entropy as
S(ρA|||ρ0,A) = ∆〈H〉 −∆S, (18)
with
∆S = S(ρA)− S(ρ0,A), ∆〈H〉 = 〈H〉ρ − 〈H〉ρ0 , (19)
where H = 2pi
∫
A d
d−1xR
2−|x|2
2R T00 is the modular Hamiltonian of the sphere A. To guarantee the
positivity of relative entropy, the term of order O(R) should be vanishing and S2 ≥ 0. Using these we
fix the sign of the constants cm (m = 1, 2, 3, 4).
We also have
S(ρA|||ρ0,A) = R
2d
16piG
Cρ +O(
R3d
16piG
), with Cρ = c2〈T00〉2ρ + c3〈T0k〉2ρ + c4〈Tkl〉2ρ. (20)
In [18] the authors have calculated the second order correction S2 by using the RT formula for a
constant stress-energy tensor. The results show cm (m = 1, 2, 3, 4) are constants independent with the
state ρ.
The reduced density matrix ρc,A of subsystem A in the state ρc (12) is
ρc,A =
∑
i
piρ
g
i,A, (21)
where ρgi,A = trA¯ρ
g
i . The Holevo information of the above state is
χ(ρc,A) = S(
∑
i
piρ
g
i,A)−
∑
i
piS(ρ
g
i,A). (22)
By using the bound of Holevo information (5) (6),
χ(ρc,A) ≤ {H(pi), H(pi)t}, (23)
where t is the maximal trace distance of the states in G. In general H(pi)t will give a better bound for
the Holevo information if the distance among the states{ρgi,A} is small. Specially here we consider the
entropy of a small subsystem A the Holevo information is at least of order O(Rdm), which is much
smaller than H(pi). So we will focus on the bound H(pi)t with
t = T (ρgi1,A, ρ
g
i2,A
). (24)
The calculation of the trace distance in QFT is usually difficult, see some results in 2D CFTs [19].
Here we can use the Pinsker’s inequality to estimate the trance distance between the reduced density
matrix of two geometric states. By using the triangle inequality and the Pinsker’s inequality we have
T (ρgi1,A, ρ
g
i2,A
) ≤ T (ρgi1,A, ρ0,A) + T (ρ
g
i2,A
, ρ0,A) ≤ 1√
2
(
√
S(ρgi1,A, , ρ0,A) +
√
S(ρgi2,A, , ρ0,A)). (25)
1In this expansion we only write explicitly the parameter R, in fact S1 and S2 contain the scale m. This expansion
is available only if the dimensionless parameter Rdm 1.
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Further using the result (20) we find
χρc,A .
1√
32piG
(
αi1
√
Cρgi1
+ αi2
√
Cρgi2
)
+O(α2i1 , α
2
i2), (26)
where αi1 , αi1 and Cρgi1
, Cρgi2
is defined by replacing the state ρ by the respective states ρgi1 and ρ
g
i2
.
This means the Holevo information is at most O( 1√
G
), or equally,
S(ρc,A) =
∑
i
piS(ρ
g
i,A) +O(
1√
G
). (27)
Since S(ρgi,A) are all of O(
1
G), in the semiclassical limit G → 0 we may ignore the term at the order
O( 1√
G
). This means the holographic entanglement entropy is quasi-linear.
Let’s come back to the FG coordinate (13), which is the most general solution of Einstein equation.
The constraint on the tensor tµν by the Einstein equation is
tµµ = 0, ∇µtµν = 0, (28)
which are associated with the traceless and conserve condition of stress-energy tensor for CFTs. The
tensor tµν corresponding to the state ρc also satisfies the conditions (28). It seems the state ρc is also
a geometric state, i.e., it can be described by the FG coordinate with
tµν =
16piG
dLd−1
〈Tµν〉ρc . (29)
By using (16) (17) we find
S(ρc,A) 6=
∑
i
piS(ρ
g
i,A), (30)
which is inconsistent with the result (27). Since the second order correction of the entanglement
entropy S2 is related to quadratic term 〈Tµν〉2. In general we have
S(ρc,A) =
∑
i
piS(ρ
g
i,A) +
R2d
16piG
(
c2E(X2,i − E(X2,i))2 + c3E(X3,i − E(X3,i))2 + c4E(X4,i − E(X4,i))2
)
,(31)
where X1,i := 〈T00〉ρgi , X2,i := 〈T0k〉ρgi , X3,i := 〈Tkl〉ρgi ,E(X) denotes the expectation value of the
random variable X with the probability pi. In the above derivation we only assume the state ρc is
still a geometric state. So the inconsistence between (27) and (31) means this assumption is not right.
We arrive at our result (12) in this section that the state ρc cannot be a geometric state.
2.3.2 2D CFTs
For 2D CFTs we can evaluate the Re´nyi or entanglement entropy of a short interval by using the
operator product expansion (OPE) of twist operators in the n-fold CFTs [20],[21]-[25], see also a short
review in [26]. In this section we will make the calculation for 2D CFTs in the large central charge
limit c→∞ , with the assumption that the vacuum family domains the contributions of the OPE of
twist operators [20].
We consider the CFT lives on a cylinder with the spatial period L, the subsystem A is the interval
[0, `] with ` L. The entanglement entropy of A in the state ρ up to O(`4) is given by
SA,ρ =
c
6
log
`

+ aT 〈T 〉ρ`2 + aT
2
∂〈T 〉ρ`3 + (aTT 〈T 〉2ρ +
3
20
∂2〈T 〉ρ)`4 +O(`5), (32)
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where aT = −16 , aTT = − 130c . we only consider the contributions from the holomorphic part of the
vacuum conformal family.
For relative entropy we have following expansion,
S(ρ||σ) = −`4aTT (〈T 〉ρ − 〈T 〉σ)2 +O(`5). (33)
We can follow the same step as last section to study the convex combination of geometric states like
(12). For simplicity we will use the same notation for the states. We have
〈T 〉ρc =
∑
i
pi〈T 〉ρgi . (34)
Let’s consider the energy density of the state ρρgi is of order c, i.e., 〈T 〉ρgi ∼ O(c). This is a necessary
condition to keep the entanglement entropy to be O(c) or O(1/G) by using the relation c = 32G . By
using (33) we have
S(ρgi,A||ρ0,A) = −`4aTT (〈T 〉ρgi − 〈T 〉ρ0)
2 +O(`5) ∼ O(c), (35)
where ρgi,A,ρ0,A are reduced density matrix of the geometric state ρ
g
i and vacuum ρ0. We can use the
bound of Holevo information similar as the higher dimension case and find the entanglement entropy
of A in the state ρc is
S(ρc,A) =
∑
i
piS(ρ
g
i,A) +O(
√
c), (36)
in the large c limit. But by using (32) we have
S(ρc,A) =
∑
i
piS(ρ
g
i,A)− aTTE(Xi − E(Xi))2`4 +O(`5), (37)
where Xi := 〈T 〉ρgi , E(Xi) denotes the expectation value of the random variable Xi with the proba-
bility pi. In general the term of O(`
4) in (37) is of order c, which is inconsistent with (36). It seems
the above derivation is independent with the holographic results, but we use the assumption the en-
tanglement entropy is of order c. In [16] the authors show the necessary condition of geometric state
is that the entanglement entropy is of order c. So our result shows the state ρc cannot be a geometric
state even though the entanglement entropy of A in the state ρc is of order c.
2.4 Holevo information of thermal states for 2D CFTs
In last section we derive an interesting property of geometric states by using the Holevo information.
In QFTs given an ensemble of a state it is generally not an easy task to calculate Holevo information.
An example is shown in [27]. In this section we will briefly review the Holevo information in 2D CFTs
and derive a result that is useful in next section.
Consider the canonical and microcanonical thermal state in 2D CFT. The canonical thermal state
with fixed temperature β is
ρβ =
∑
i
pi|Ei〉〈Ei|, (38)
with pi = e
−βEi/Z(β), Z(β) =
∑
i e
−βEi . The microcanonical thermal state with fixed energy E is
ρλ =
∑
i
pi|Ei〉〈Ei|, with pi = δ(Ei − E)
Ω(E)
, (39)
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where Ω(E) is the density of state at the energy 2piL (E − c12). The subscript λ :=
√
cL2
12E can be taken
as the effective temperature of the microcanonical state. For a subsystem A with length `, we can
calculate the Holevo bound of the state ρA =
∑
piρi,A with ρi,A = trA¯|Ei〉〈Ei|. In [27] the authors
have calculated the Holevo information of a short interval ` L by using short interval expansion of
twist operators. The Holevo information of canonical ensemble is
χβ,A(`) =
2pi3`4
45β3L
− 8pi
4`6(picL+ 12β)
945cβ5L2
+ ...+O(`12). (40)
The results are valid for `  β  L. Here we only show the results up to O(`6), one can find the
results up to O(`10) in [27]. The result of microcanonical ensemble is
χλ,A(`) =
pi3`4 [picL(I3 − I1) + 24λI2]
540λ4LI1
+ ...+O(`12). (41)
Iν is the modified Bessel function of the first kind with the argument
picL
3λ . In the limit L  λ,
Iν/I1 → 1 by using the asymptotic expansion of Iν(z) ' ez√2piz for z  1. In this limit the Holevo
information of microcanonical ensemble (41) will be same as the canonical one (40) if β = λ.
We can see that all the terms of the Holevo information (40)(41) are at the order c0 which can be seen
as quantum correction in the large c limit. And all the terms can be seen as finite size correction with
the power 1/L of the system. Therefore, one would expect limL→∞ χβ,A, χλ,A → 0 up to O(`10).
To calculate the Holevo information (2) we need to evaluate the entanglement entropy of subsystem
A in the state ρβ and |Ei〉. See the Appendix.A for a short review on the calculation. For a short
interval we can use the short interval expansion method to get the entanglement entropy. In general,
the difficulty is to calculate the average product of one-point functions, such as the following forms,
GdiagX1X2...Xk(pi) :=
∑
i
pi〈X1〉i〈X2〉i...〈Xk〉i, (42)
where Xi are the quasi-primary operators that appears in the OPE of twist operators, 〈X 〉i denotes
the expectation value of operator X in the state |Ei〉. For example, for k = 2, X1 = X2 = T in the
microcanonical ensemble, we have∑
i
pi〈T 〉2i =
cpi3(24λI2 + cLpiI3)
36Lλ4I1
. (43)
We will denote the function (42) as GdiagX1X2...Xk(β) for the canonical ensemble state and G
diag
X1X2...Xk(λ)
for the microcanonical ensemble state.
Let’s first consider the microcanonical ensemble. In the limit L→∞ we have
χλ,A = `
12
[
aBB
(
〈B〉2λ −
∑
i
pi〈B〉2i
)
+ aDD
(
〈D〉2λ −
∑
i
pi〈D〉2i
)]
+O(`14), (44)
with pi =
δ(Ei−E)
Ω(E) , where the energy density Ω(E) is given by the Cardy formula Ω(E) ' λI1(picL3λ ),
aBB and aDD are constant coefficients
aBB = − 25
123552c(70c+ 29)
, aDD = − 70c+ 29
18018c(2c− 1)(5c+ 22)(7c+ 68) . (45)
We show this formula in the Appendix.A, where we define the function
GX1...Xk(λ) :=
1
Ω(E)
∑
i1...ik
〈Ei1 |X1|Ei2〉〈Ei2 |X2|Ei3〉...〈Eik |Xk|Ei1〉δ(Ei1 − E)...δ(Eik − E). (46)
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For k = 2 and X1 = X2 = X we have
GXX (λ) = 1
Ω(E)
∑
i,i′
〈Ei|X |Ei′〉〈Ei′ |X |Ei〉δ(Ei − E)δ(Ei′ − E)
= GdiagXX (λ) + Goff-diagXX (λ) (47)
with
Goff-diagXX (λ) :=
1
Ω(E)
∑
i′ 6=i
〈Ei|X |Ei′〉〈Ei′ |X |Ei〉δ(Ei − E)δ(Ei′ − E) (48)
From (44) we can see the calculation of Holevo informaiton at the order `12 is associated with the first
term of (47). The function GX1...Xk(λ) have a simple expression in the limit L→∞[32], i.e.,
lim
L→∞
GX1...Xk(λ) = 〈X1〉λ〈X2〉λ...〈Xk〉λ, (49)
where the one-point function of the quasi-primary operator in the microcanonical ensemble state is
defined as
〈X 〉λ := 1
Ω(E)
∑
i
〈X 〉iδ(Ei − E). (50)
Using (49) and taking (47) into (44) , we have
χλ,A = `
12
[
aBB
(
lim
L→∞
Goff-diagBB (λ)
)
+ aDD
(
lim
L→∞
Goff-diagDD (λ)
)]
+O(`14). (51)
Note that the coefficients aBB and aDD are negative in the large c limit. The term Goff-diagXX is always
positive by definition. Therefore, we conclude the Holevo information must be vanishing at the order
O(`12), that is
lim
L→∞
χλ,A = 0 +O(`
14). (52)
We also get
lim
L→∞
Goff-diagBB (λ) = 0 and limL→∞G
off-diag
DD (λ) = 0. (53)
As we have noted in the Appendix.A, the state Ei can be organized as the common eigenstates of the
zero mode of T and A, which leads to
Goff-diagTT (λ) = 0 and Goff-diagAA (λ) = 0. (54)
But for X = B,D, (53) is a non-trivial result.
The canonical ensemble thermal state is associated with the microcanonical ensemble thermal state
by using the Laplace transformation. The Holevo information χβ,A in the limit L → ∞ is same as
(44) by replacement λ→ β and pi → e−βEi/Z(β). We also have the following relation
GdiagX1X2...Xk(β) =
1
Z(β)
∫
dEe−βEΩ(E)GdiagX1X2...Xk(λ). (55)
Using the above results we can derive the Holevo informaion in the canonical ensemble state is vanishing
at the order O(`12) in the limit L→∞2.
It is not an easy work to generalize the results (44) to O(`14). At present the short interval expansion
of the entanglement entropy at order `14 haven’t been worked out as far as we know. For higher order
it is expected the results will include more quasi-primary operators. It is not a practical solution to
work order by order. If one could prove GdiagX1X2...Xk(λ) → 〈X1〉λ〈X2〉λ...〈Xk〉λ for the general quasi-
primary operators in the limit L → ∞, we will have limL→∞ χλ,A = 0. Here we only leave this as a
conjecture.
2A subtle point is the expression of GdiagX1X2...Xk (λ) is available for large energy E. We will comment on this point in
next subsection.
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2.5 Primary operator
In last section we only consider the contribution to the entanglement entropy is from the quasi-primary
operators in the vacuum family. So we get the constraints (53), or equally
lim
L→∞
GdiagXX (λ) = 〈X 〉2λ, (56)
for X = B or D. In general, the one point function 〈X 〉λ is non-vanishing for the quasi-primary
operators. For a primary operator O we have the one-point function in the microcanonical ensemble
state
〈O〉λ = 1
Ω(E)
∑
i
〈Ei|O|Ei〉δ(Ei − E). (57)
Using the modular covariance of torus one-point function, one may obtain 〈O〉λ, which is associated the
lightest operator Y with non-vanishing three-point coefficient 〈Y|X |Y〉[28]. Here we are only interested
in the thermodynamic limit L → ∞. The one-point function 〈O〉λ is exponentially suppressed [28].
Therefore, we can take 〈O〉λ = 0 in this limit.
By using (49) we have
lim
L→∞
GOO(λ) = lim
L→∞
GdiagOO (λ) + limL→∞G
off-diag
OO (λ) = 0. (58)
Since GdiagOO (λ),Goff-diagOO (λ) ≥ 0 by definition, we conclude
lim
L→∞
GdiagOO (λ) = 0, and limL→∞G
off-diag
OO (λ) = 0. (59)
From the relation (55) we can obtain GdiagOO (β). Though the intergral function is vanishing in the limit
L → ∞, the intergration over E may give a contribution like Lα (α > 0). Following the method in
[28] we can calculate the function GOO(λ),
GOO(λ) ∝ 1
L2∆O
(E − c
12
)∆O−
1
2 . (60)
We take the limit L→∞ and keep the effective inverse temperature λ ∝
√
L2
E finite. One can derive
(58) by using the result (60). The function for the canonical ensemble state is
GOO(β) := 1
Z(β)
∫
dEe−
2piβ
L
(E− c
12
)Ω(E)GOO(λ). (61)
The result of GOO(λ) (60) is available only for the large E. But one can choose a truncation point EΛ of
the intergration, below which (60) is not a good approximation, The intergral is some constant, further
using Z(β) ' epiLc6β , we conclude that the contribution below the truncation point is vanishing . For
the contribution above the truncation point we can evaluate it directly. The result is GOO(β) ∼ L−1/2
to 0 in the limit L→∞.
3 Correlation and geometry
It is believed that the entanglement between underlying degree of freedom of quantum gravity plays
an essential role in the emergence of connected spacetime[13]. If ρ1 and ρ2 are dual to two different
spacetime regions, it is obvious that the product state ρ1⊗ ρ2 would represent two unrelated systems,
the dual spacetime should not be connected. But if a bipartite state ρ12 is an entangled state, the
operations in subsystem 1 will also effect the subsystem 2. It seems more reasonable to take these
kind of states as connected spacetime dual to ρ12. In other words, we would expect the connected
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spacetime has non-vanishing correlations between different subregions.
However, along with this insight there are still many interesting questions. If two subsystems only
have classical correlation, is it possible the system has a geometric description? Entanglement is a
phenomenon only in quantum mechanics, which has often been identified as quantum correlation. But
it is not the only one, there exists quantum correlations for an unentangled states[14]. In general, for a
state ρ the classical correlations are as important as the quantum correlations. What is the role of the
classical correlations if the state has a geometric dual? We only attempt to show some examples to
catch a glimpse of the possible relation between correlation and geometry in the context of AdS/CFT.
3.1 Eternal black hole
The eternal black hole is an important and popular example to show the relation between entanglement
and geometry. The black hole in AdS3 is dual to 2D CFT living on a spatial circle of size L in the
canonical ensemble thermal state with inverse temperature β. The black hole ensemble requires the
condition L  β. Now consider the maximally extended black hole, i.e., the eternal black hole. The
geometry has two asymptotically AdS regions. In the CFT side, this geometry is expected to be dual
to the two copies of 2D CFTs with the wavefunction of the thermofield double state[29]
|Ψ〉β := 1√
Z(β)
∑
i
e−
β
2
Ei |Ei〉1 ⊗ |Ei〉2, (62)
where |Ei〉1(2) are the eigenstates of the Hamiltonian H1(2) of the two CFTs, Z(β) is the partition
function Z(β) :=
∑
i e
−βEi . The time evolution is under the Hamiltonian H = H1−H2. The reduced
density matrix of system 1 and 2 is given by the canonical ensemble thermal state with inverse
temperature β. So the correlation functions on one side CFT is
β〈Ψ|O1(x1)O1(x2)...O1(xk)|Ψ〉β = 1
Z(β)
tr
[
e−βHO1(x1)O1(x2)...O1(xk)
]
:= 〈O1(x1)O1(x2)...O1(xk)〉β.(63)
The two-point correlator with operators inserted on the opposite boundaries is given by
β〈Ψ|O1(t1, φ1)O2(t2, φ2)|Ψ〉β
= 〈O1(t1 − iβ
2
, φ1)O2(t2, φ2)〉β
=
(
2pi
β
)4∆1 δO1O2(
cosh(2piφ12β ) + cosh(
2pit12
β )
)2∆1 , (64)
where ∆1 is the scaling dimension of the operator O1, φ12 = φ1 − φ2 and t12 = t1 − t2. For φ12 = 0
and t12 = 0 the correlator has no divergence, we have
β〈Ψ|O1O2|Ψ〉β ∝ δO1O2β−4∆1 . (65)
Using the definition of thermofield double state (62), one can expand the correlator (65) as follows,
β〈Ψ|O1O2|Ψ〉β = 1
Z(β)
∑
i,j
e−
β(Ei+Ej)
2 1〈Ei|O1|Ej〉1 2〈Ei|O2|Ej〉2. (66)
For simplicity we will take O1 = O2 = O and drop the lable 1, 2 for the eigenstates. Replacing the
sum with integral, we have
β〈Ψ|OO|Ψ〉β = 1
Z(β)
∑
i,j
e−
β(Ei+Ej)
2 〈Ei|O|Ej〉〈Ei|O|Ej〉
=
∫
dE
∫
dE′e
−β(E+E′)
2 Ω(E)Ω(E′)JOO(E,E′), (67)
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where we define
JOO(E,E′) := 1
Ω(E)Ω(E′)
∑
m,n
δ(Em − E)δ(En − E′)〈Em|O|En〉2. (68)
Using the correlator in thermofield double state, one can gain the function JOO(E,E′) [30].
3.2 States with less correlation
In this section we would like to study some states for which the correlation is different from the
thermofield double state (62). We require the reduced density matrix of system 1 and 2 are still given
by the canonical ensemble thermal state with inverse temperature β or the microcanonical ensemble
state with λ. This keeps the entanglement entropy between system 1 and 2 invariant. The first
example is the classical state
ρI,β =
1
Z(β)
∑
i
e−βEi |Ei〉1 1〈Ei| ⊗ |Ei〉2 2〈Ei|. (69)
Unlike the thermofield double state the state ρI,β is a mixed state. Though the entanglement entropy
between system 1 and 2 is same as the thermofield double state, this state has only classical correlation.
Consider the two-point correlator with operators inserted at (t1 = 0, φ1 = 0) and (t2 = 0, φ2 = 0),
tr(ρc,βOO) =
1
Z(β)
∑
i
e−βEi〈O〉2i
=
1
Z(β)
∫
dEe−βEΩ(E)GdiagOO (λ), (70)
where we define 〈O〉i := 〈Ei|O|Ei〉 and drop the index of the system 1 and 2, in the second step we
replace the sum with intergral. This correlator is the one that is associated with the calculation of
Holevo information in the canonical ensemble state in section. . For O = B or D we have calculated∑
i
pi〈B〉2i and
∑
i
pi〈D〉2i , (71)
with pi =
e−βEi
Z(β) in the thermodynamic limit. By using the Holevo information we get the costraint
(53), equally,
lim
L→∞
pi〈B〉2i = 〈B〉2β and lim
L→∞
pi〈D〉2i = 〈D〉2β. (72)
This means the connected correlators is vanishing for O = B,D. For general primary operators using
the result in section. we have
tr(ρc,βOO) = 0, (73)
in the limit L → ∞, that is the connected two-point correlation function is vanishing in the thermo-
dynamic limit. But if the state ρI,β has a connected geometry dual, there exists a shortest geodesic
line connecting (t1 = 0, φ1 = 0) and (t2 = 0, φ2 = 0) with length l. The correlator is given by
〈O(t1 = 0, φ1 = 0)O(t2 = 0, φ2 = 0)〉 ∼ e−ml, (74)
where m is the mass associated with the conformal dimension of operator O. The correlator in the
state ρI,β is inconsistent with the expectation from the holography. Roughly, we can say the correlation
in the state ρI,β is too weak to product the holographic result.
13
Let’s compare the correlator (70) with the one in the thermofield double state (67). We can reformulate
the correlator (67) as
β〈Ψ|OO|Ψ〉β = 1
Z(β)
∑
i
e−βEi〈O〉2i +
1
Z(β)
∑
i 6=i′
e−βEi〈Ei|O|Ei′〉〈Ei′ |O|Ei〉δ(Ei − Ei′)
+
1
Z(β)
∑
Ei 6=Ej
e−
Ei+Ej
2 〈Ei|O|Ej〉〈Ej |O|Ei〉. (75)
We divide the sum into three parts, the contributions from the two terms in first line of (75) is
vanishing (59). While the sum of the three point correlation coefficients 〈Ei|O|Ei′〉 between different
energy level gives the main contributions to the correlation between the operators inserted at opposite
boundary.
The second example is the state like the thermofield double state but with reduced density matrix
being the microcanonical ensemble state,
|Ψ〉λ := 1√
Ω(E)
∑
i
δ(Ei − E)|Ei〉1 ⊗ |Ei〉2. (76)
This can be seen as a maximally extangled state with the dimension Ω(E). The reduced density
matrix of subsystem 1 or 2 is the microcanonical ensemble state with energy E. It has been shown the
microcanonical ensemble state is almost undistinguishable from the canonical one for short interval if
λ = β[27]. But for medium interval or long interval, one can find some probes to distinguish these
two ensemble, such as Re´nyi entropy[32][31]. The two-point correlator with O1 = O1 = O is
λ〈Ψ|OO|Ψ〉λ = 1
Ω(E)
∑
i,j
〈Ej |O|Ei〉〈Ei|O|Ej〉δ(Ei − E)δ(Ej − E) = GOO(λ). (77)
We have shown in section.2.5 the function GOO(λ) is vanishing in the limit L→∞. In fact the state
|Ψ〉λ is only a block of the thermofield double state |Ψ〉β in the sense that
|Ψ〉β = 1√
Z(β)
∑
E
e−
βE
2
√
Ω(E)|Ψ〉λ. (78)
Using the state |Ψ〉λ we can construct the third example, which is convex combination of the states
|Ψ〉λ
ρII,β :=
1
Z(β)
∑
E
e−βEΩ(E)|Ψ〉λ λ〈Ψ|. (79)
We also have the two-point correlator tr(ρII,βO1O2) = 0 with O1 = O1 = O. The classical state ρI,β
is a separable state, which can be seen as non-entangled state. But the state ρII,β is non-separable,
which means there exists quantum correlation between 1 and 2. But our results in this section show
the correlations in state ρI,β , ρII,β and |Ψ〉λ are too weak comparing with holographic expectation.
3.3 Classification of quantum states
The three examples ρI,β, ρII,β and |Ψ〉λ all cannot produce enough correlation for the eternal black
hole. The physical intuition is that the strength of quantum correlation between system 1 and 2 should
be in the following order,
Q(|Ψ〉β) ≥ Q(ρII,β) ≥ Q(|Ψ〉λ) ≥ Q(ρI,β), (80)
where Q(ρ) denote the quantum correlation in the state ρ. For the mixed state the entanglement
entropy is no longer a good measure of quantum correlation. In this section we would like to review
some measures to characterize the quantum and classical correlation in a given quantum state.
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3.3.1 Correlation and operation
In general, correlation functions are taken as the fundamental quantities in QFTs. In quantum in-
formation theory the operation meaning of the quantities are more interesting. But in QFTs the
operations are generally not well defined. For a given pure state |φ〉, an operation by a local operator
O(x) is
|φ′〉 := NOO(x)|φ〉. (81)
To make the state |φ′〉 to be a well defined state, one needs some regularization, for example the
regularization procedure in [33]. For our purposes it is enough to know the normalization constant
NO after regularization is a positive constant. One could also define the locally excited state with two
operators,
|φ′′〉 = NOOO(x1)O(x2)|φ〉. (82)
The normalization constantNOO is associated with the UV cut-off .In general it is almost independent
with the state |φ〉. It is obvious the two-point correlator ofO(x1) andO(x2) in the state |φ〉 is associated
with the fidelity between |φ′′〉 and |φ〉, i.e.,
〈φ|O(x1)O(x2)|φ〉 = 1NOOF(|φ
′′〉, |φ〉), (83)
where F(|φ1〉, |φ2〉) := |〈φ1|φ2〉| is the fidelity between two pure states. Here for simplicity we assume
O1(2) are Hermition operators. Now the physical meaning of the two point correlator is clear. One
makes the operation O(x1) and O(x2) at the separate point x1 and x2 in the system with the state
|φ〉. The fidelity actually reflects the disturbance of the operations on the state |φ〉.
For the mixed state the explanation is not so obvious. But for any mixed state ρmix we can always
formulate it as the ensemble
ρmix =
∑
i
pi|φ〉i i〈φ|. (84)
The decomposition is not unique, but we would like to use the similar idea to reformulate the two-point
correlator as
tr(ρmixO(x1)O(x2)) ∝
∑
i
piF(|φ′′〉i, |φ〉i), (85)
where |φ′′〉i := NOOO(x1)O(x2)|φ〉i. We assume the normalization constant is independent with the
reference state |φ〉i.
Of course we don’t expect the operation with O(x1) and O(x2) corresponds to some real physical
measurement. The above only show the relation between correlation and operation. This also mo-
tivates us to define some measures to charaterize correlation by using quantum measurement. The
positive-operator-valued measurement (POVM) is the most general quantum measurement on a given
state ρ. It is described by a set of positive operator Ea = M
†
aMa, the state after measurement is
ρ′ =
∑
a
MaρM
†
a . (86)
The probability of the outcome a is given by pa = tr(Eaρ). The projective measurement with a set of
orthogonal projections {Πk} is a special case of POVM.
For a bipartite state ρAB we have a set of projective measurement Π
A
k and Π
B
k for the subsystem A
and B respectively. The two subsystem A and B have no correlation if the state ρAB = ρA⊗ ρB. The
total correlation in the bipartite state ρAB is quantified by the mutual information
I(ρAB) = S(ρA) + S(ρB)− S(ρAB) = S(ρB)− S(ρB|ρA), (87)
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where S(ρB|ρA) := S(ρAB) − S(ρA) is the conditional entropy, which may be negative for quantum
theory. In general, I(ρAB) includes both the classical and quantum correlations. The idea to describe
the classical correlation is to introduce a classical-quantum version of conditional entropy. If one makes
the measurement by the set of projections ΠAk on the subsystem A, the state of B after measurement
is
ρ′B =
∑
k
ΠAk ρABΠ
A
k =
∑
k
pkρ
k
B, (88)
with pk = tr(Π
A
k ρABΠ
A
k ) and
ρkB =
trAΠ
A
k ρABΠ
A
k
pk
. (89)
The new conditional entropy under the measurement is
S(B|Πk) :=
∑
k
pkS(ρ
k
B), (90)
where S(ρBk ) can be seen as the missing information of the system B. To define the classical correlation
independent with special measurement, one can maximize over all the measurement.
C(B|A) := max{Πk} [S(B)− S(B|Πk)] . (91)
The quantum correlation , denoted by Q(ρAB), is given by the difference between the total correlation
and the classical one, that is
Q(B|A) := I(A,B)− C(B|A). (92)
Q is the quantum discord of the state ρAB[14][15]. If ρAB is pure, Q(B|A) = S(ρA).
By definition the quantity Q(B|A) ≥ 0 for any state ρAB. The quantum discord is not symmetric,
i.e., Q(B|A) 6= Q(A|B). The necessary and sufficient condition of the zero quantum discord Q(B|A)
is [14]
ρ0AB =
∑
k
pkΠk ⊗ ρB,k. (93)
Such states are called classical-quantum state, we denote the set of this kind of states as Q0. From
this we can see a necessary condition for zero discord Q(B|A) is
[ρ0AB, ρ
0
A] = 0, (94)
where ρ0A = trBρ
0
AB[34].
3.3.2 Classification of states by correlation
With the quantum discord to quantify the correlation in a given bipartite state ρAB, one could roughly
classify the quantum states into different sets. The set zero discord stateQ0 is the one with no quantum
correlation. A subset of Q0 is the classical state that satisfies
Π(ρAB) = ρAB, (95)
with
Π(ρAB) :=
∑
ij
ΠAi Π
B
j ρABΠ
A
i Π
B
j . (96)
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The subset is denoted by C0. We call these states classical states because they remain unchanged
under the measurement.
As proved in [38], if a state ρAB is classical (97) with respect to the measurement Π
A
i ⊗ ΠBj , then
{ΠAi ⊗ ΠBj }, {ΠAi } and {ΠBj } must be the eigestates of ρAB, its reduced density matrix ρA and ρB,
respectively. Moreover, any classical state ρAB ∈ C0 can be represented as
χAB =
∑
ij
pijΠ
A
i ⊗ΠBj , (97)
where {ΠAi } and {ΠBj } are the eigenstates of ρA and ρB, pij is the probability. These states can be
identified to a system with the classical probability pij . This is also the reason to call them classical
states. The state ρI,β (69) is a classical state.
A larger set comparing with Q0 is the set of separable states S, which includes the states of the form
σAB =
∑
i
piρ
A
i ⊗ ρBi , (98)
where ρAi and ρ
B
i are states in A and B. The separable state can be constructed by convex combination
of product state. S is a convex set. Using the Bell inequality as an indicator for the existence of
quantum correlaiton, the separable states should belong to the “classical” state, i.e., the Bell inequality
is satisfied for the separable state[43]. However, it has been shown in [14] some separable states could
have quantum correlation, that is with non-zero discord. It is expected quantum discord Q is a more
general quantity to capture quantum correlation. Finally, the states that cannot be represented as the
separable form (98) are entangled states.
3.3.3 Geometric measure of correlation
Evaluation of quantum discord in general is difficult because of the maximization procedure over all
the measurements. Moreover, for QFTs the definition of quantum measurement is still not clear. To
quantify the quantum and classical correlation one can introduce a measure based on the distance
between density matrices. A geometric measure is defined as[35]
Q¯(2)(ρAB) = min
ρ0AB∈Q0
||ρAB − ρ0AB||2, (99)
where ||ρ||2 := trρ2 is the Hilbert-Schmidt distance. One could also use other distance measure such
as the Bures distance, trace distance or even the relative entropy3. One could refer to [36] for a review
on this topic. For our purpose it is more useful to define a geometric measure with the minimization
over the set of classical state C0, that is
Q(2)(ρAB) := min
χAB∈C0
||ρAB − χAB||2
||ρAB||2 , (100)
Assume χρAB is the closest classical state to ρAB. The classical correlation can be quantified by the
distance between the χρAB and the product state pi
ρ
AB := pi
ρ
A ⊗ piρB with piρA(B) := trA(B)piρAB. The
geometric measure of classical correlation C(2)(ρAB) is
C(2)(ρAB) := ||χ
ρ
AB − piρAB||2
||χAB||2 . (101)
In the above definition we introduce a normalization of quantum and classical correlation for the state
ρAB and χAB.
3For the definition based on relative entropy[37], there is additivity relations between different correlations. But this
nice property is not right in other cases.
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3.3.4 Reeh-Schlieder property and quantum correlation in QFTs
We make a lot of discussions on the definition of quantum and classical correlation. Our motivation
is to use them to study the correlations in states of QFTs.
Consider two subsystem A and B that are spacelike. For simplicity, let’s choose them on a time slice
t = 0 in the vacuum state, the minimal distance between them is d. The correlation between A and
B is associated with the distance d. We can see this by considering the two-point correlator 〈OAOB〉
with OA(B) being the operators located in the region A(B). Generally, the two-point correlator is
dependent with the distance d and non-vanishing even for large d4.
We would like to show the reduced density matrix ρAB cannot belong to the set Q0 even for very large
d. Let’s consider the vacuum state, which satisfies the Reeh-Schlieder property. To make clear what
is the Reeh-Schlieder property, we need some basic elements of QFTs in the framework of algebra.
One may refer to the book [39][41] or recent review [42].
The starting point of algebraic QFTs is that any regions of the system, say A, can be associated with
observable algebra U(A). The algebras satisfy the assumptions:
Isotony : A1 ⊂ A2 =⇒ U(A1) ⊂ U(A2).
microcausality : A and B are spacelike =⇒ [U(A),U(B)] = 0.
The Reeh-Schlieder property of vacuum state is summarized as follows.
For any given state |ψ〉 and any subregion A, it is always possible to find an operator O(ψ) ∈ U(A)
such that the distance between |ψ〉 and O(ψ)|0〉 is almost vanishing, i.e.,
|ψ〉 ' O(ψ)|0〉, (102)
where we define |ψ〉1 ' |ψ〉2 if ||ψ〉 −O(ψ)|0〉| <  for any positive constant .
This property is also true for other low energy excited states[42], for example the thermal state.
Consider two spacelike subregion A and B. By using the Reeh-Schlieder property for any OA ∈ U(A)
there exists an operator OB ∈ U(B) such that
OA|0〉 ' OB|0〉. (103)
In the following we will just take the notation
' as = for simplicity. The above equation is equal to
OAρABOA = OBρABOB, (104)
where we assume OA(B) is Hermitian. If ρAB ∈ Q0, we have (93)
[ρAB, ρA] = ρABρA − ρAρAB = 0. (105)
Using (104) and the microcausality property we obtain
OBρABOBρA − ρAOBρABOB = OAρABOAρA − ρAOAρABOA = 0. (106)
Tracing over the degree of freedom of B in above equation, we have
(OAρA)
2 − (ρAOA)2 = 0. (107)
This leads to [ρA, OA] = 0 or {ρA, OA} = 0 for any operator OA ∈ U(A). If OA is an operator
commutating with ρA, {ρA, OA} 6= 0. Therefore, the result is
[ρA, OA] = 0, (108)
4We say d is large or small by comparing with some scale of the theory. For example, if the theory has a mass scale
m, we say d is large for d 1/m.
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for any OA. This means ρA should be a constant which is of course not true for any subsystem A in
the vacuum state. The assumption ρAB ∈ Q0 is not right.
Actually, we can further show the state ρAB cannot be in the set of separable states S. This also
follows the Reeh-Schlieder property of the vacuum state[44]. A popular criterion for separability of
a bipartite state ρAB is by the positivity of partial transpose (ppt). Given the orthonormal bases
{|λi〉A} for the subsystem A and {|λi〉B}for B, the transpose of ρAB with respect to A is defined as
A〈λi| B〈λj |ρTAAB|λm〉A|λn〉B = A〈λm| B〈λj |ρAB|λi〉A|λn〉B. (109)
A necessary condition for separability of ρAB is the positivity of the transpose matrix ρ
TA
AB, i.e.,
ρTAAB ≥ 0. In [44] the authors show the Reeh-Schlieder property would lead to the non-positivity of
transpose matrix. Therefore, the state ρAB cannot be separable. One can also get the conclusion
by using the violation of Bell inequality for any spacelike separate region in QFTs[45][46][47]. It is a
general phenomenon that there exist entanglement between two arbitrary spacelike region in the state
satisfying Reeh-Schlieder property.
3.4 Quantum correlation in geometric state
3.4.1 Geometric measure
We would like to show two examples that we can calculate geometric measure of quantum correlation
Q(2) in QFTs. The first example is the thermofield double state |Ψ〉β (62) . The reduced density
matrices of system 1 and 2 is given by the canonical ensemble state. The eigenstates of the them is
{|Ei〉1} and {|Ej〉2}. The general classical state is
χ12 =
∑
ij
qij |Ei〉1 1〈Ei| ⊗ |Ej〉2 2〈Ej |, (110)
where 0 ≤ qij ≤ 1. With some calculations we have
|||Ψ〉β β〈Ψ| − χ12||2 = 1− 2 β〈Ψ|χ12|Ψ〉β + trχ212
= 1− 2
∑
i
qiip
2
i +
∑
ij
q2ij
= 1−
∑
i
p4i +
∑
i
(p2i − qii)2 +
∑
i 6=j
q2ij . (111)
where pi = e
−βEi
2 /
√
Z(β). The minimal value of the above expression is 1−∑i p4i with qii = p2i and
qij = 0. The closest classical state χ
ρ
12 is the classical state ρI,β (69) that we discuss in section.3.2 .
The geometric quantum correlation is
Q(2)(|Ψ〉β) = 1−
∑
i e
−2βEi
Z2(β)
= 1− Z(2β)
Z2(β)
. (112)
For the 2D CFT, the partition funciton Z(β) = e
piLc
6β in the high temperature limit L β. We have
Q(2)(|Ψ〉β) = 1− e−
piLc
4β . (113)
For the fixed L/β the quantum correlation will approach to 1 in the semi-classical limit c → ∞. By
the definition of geometric measure of classical correlation, we have
C(2)(|Ψ〉β) =
∑
i q
2
ii − 2
∑
i q
3
ii + (
∑
i q
2
ii)
2∑
i q
2
ii
= 1− Z(3β)
Z(2β)Z(β)
+
Z(2β)
Z2(β)
. (114)
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For 2D CFTs we have C(2)(Ψ〉β) ' 1 + e−
piLc
4β . In the large c limit we find the sum of the quantum
and classical correlation is near 2.
The second example is the pure geometric state |Ψ〉g. We will consider the correlation between A and
its complementary A¯. The Schmidt decomposition of the pure state |Ψ〉g is
|Ψ〉g =
∑
i
√
λi|λ〉i ⊗ |λ¯〉i, (115)
where {|λ〉i} and {|λ¯〉i} are the eigenstates of ρA and ρA¯, respectively. We can repeat the similar steps
as the calculations of the state |Ψ〉β and get the quantum correlation
Q(2)(|Ψ〉g) = 1− e−S(2)(ρA), (116)
where S(2)(ρA) is the Re´nyi entropy S
(n)(ρA) :=
log ρnA
1−n with n = 2. If the state |Ψ〉g has a geometric
dual, one could use the holographic proposal of Re´nyi entropy [48]. Generally, it is of the form
S(2)(ρA) =
1
G
s2, (117)
where s2 > 0 is associated with a geometric quantity of the bulk manifold. In the semiclassical limit
G→ 0, we find Q(2)(ρA) ' 1.
From (116) we see that the quantum correlation of a pure state is related to the Re´nyi entropy with
n = 2. This result is not so interesting, since the Re´nyi entropy is a good measure of entanglement for
a pure state. Unfortunately, we have no good examples of mixed states in QFTs that can be evaluated
at present.
3.5 Correlation in geometric state
3.5.1 Subsystems with large distance
Consider two spacelike regions A and B with a minimal distance d. We have shown in section.3.3.4
the entanglement or quantum correlation between A and B is non-vanishing for any states satisfying
Reeh-Schlieder property, such as the vacuum. The behavior of the strength of quantum correlation
with respect to different d is an important indicator for the state and the underlying theory. We
are interested in the theory with gravity dual. Assume a state ρ has a geometry description at the
semiclassical limit G → 0. By using the RT formula, the mutual information of ρAB := trABρ is
vanishing for large enough distance d in the limit G→ 0. That is
I(ρAB) = 0 +O(G
0). (118)
Since I(ρAB) = S(ρAB|ρA ⊗ ρB), we have
ρAB = ρA ⊗ ρB + δρAB, (119)
with δρAB being small in the sense that it can be taken as a perturbation in the limit G→ 0. From the
field theory calculation we know I(ρAB) ∼ O(G0) in the vacuum state for large enough d. Therefore,
for large enough d we expect ρAB can be roughly taken as product state ρA ⊗ ρB in G → 0. This
means A and B almost lose correlation in this case.
By using this fact we can provide a more simpler understanding on the conclusion in section.2.3. From
(12) we have
ρc,AB =
∑
i
piρ
g
i,AB, (120)
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where ρi,AB := trABρ
g
i and ρc,AB := trABρc. For any geometric states ρ
g
i we expect ρ
g
i,AB ' ρgi,A⊗ρgi,B
for large enough d. But ρc,AB is a separable state
ρc,AB '
∑
i
piρ
g
i,A ⊗ ρgi,B, (121)
instead of a product state. This means there exists correlation between A and B in the state ρc,AB,
in general the quantum correlation is also non-vanishing.
3.5.2 Quasi-product states
By the clustering property of vacuum state we expect the reduced density matrix ρAB should be like
(119) and δρAB is a function of the distance d. But for the theory with gravity dual δρAB should also
be associated with the central charge c ∼ 1/G. A more important feature is that there exists an phase
transition for the mutual information I(ρAB). Consider 2D CFTs in the vacuum state, A and B are
two interval with length lA and lB and distance l as shown in Fig. . We have
I(ρAB) =
{
0, l > lc,
c
3 log
(
l(lA+lB+l)
lAlB
)
, l ≤ lc,
(122)
where lc :=
1
2
(√
l2A + l
2
B + 6lAlB − lA − lB
)
, we only keep the leading order of c. The dependence of
δρAB on c and l is the key to understand this feature of theories with holographic dual.
Let’s first consider the entanglement entropy of one interval, e.g., the subsystem A. By using the Re´nyi
entropy one can derive the distribution of eigenvalues of ρA. The distribution P (λ) :=
∑
i δ(λi− λ) is
given by
P (λ) = δ(λm − λ) + bθ(λm − λ)
λ
√
b log λm/λ
I1(2
√
b log(λm/λ)), (123)
where λm is the maximum eigenvalue, b = − log λm, I1(x) is the modified Bessel function of the first
kind. λm is associated with the central charge c and size lA. For the vacuum state λm = e
− c
6
log lA/,
which is exponentially suppressed in large c limit. P (λ) satisfies the normalization
∫ λm
0 λP (λ)dλ = 1.
Taking λ = λme
−by2 the integral of the normalization is∫ +∞
0
pn(y)dy = 1 with pn(y) = λmδ(y) +
be−b(y−1)2√
pi
√
by
. (124)
In the limit c→∞ or equally b→∞ we have
pn(y) ' 1√
y
δ(y − 1), (125)
where we use δ(x) = lim→0 1√2pie
−x2
2 . In the above equation we ignore the term λmδ(y) which is
exponentially suppressed e−c in large c limit. One can also check the entanglement entropy SA =
− ∫ λm0 λ log λP (λ)dλ = −2 log λm. Taking λ = λme−bz2 the integral of SA becomes
SA =
∫ +∞
0
pe(z)dz with pe(z) := −λm log λmδ(z) + 2b2
(
z2 + 1
)
e−b(z
2+1)I1(2bz). (126)
We are interested in the large c limit. pe(z) can be approximated by
pe(z) ' −λm log λmδ(z) +
b2
(
z2 + 1
)
e−b(z−1)2√
pi
√
bz
, (127)
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where we use the approximation I1(x) ' ex√2pix for x  1. The contribution of the delta function in
pe(z) can be ignored, which is O(e
−c). In the limit c → ∞ or b → ∞ we can reformulate p(z) more
simpler as
pe(z) '
b
(
z2 + 1
)
√
z
δ(z − 1). (128)
This means the main contributions to the entanglement entropy in holographic theory is near the
eigenvalue λ0 := e
−2b.
The distribution of the eigenvalues λAλB of the product state ρA ⊗ ρB is P (λA)P (λB). For the state
ρAB (119) the eigenvalues should be λAλB + δ(λA, λB) with δ(λA, λB)  λAλB. It is expected the
perturbation δ(λA, λB) should depend on the distance l and central charge c. We can calculate the
entanglement entropy
S(ρAB) := −trρAB log ρAB = −
∑
ij
[λA,iλA,j + δ(λA,i, λA,j)] log[λA,iλA,j + δ(λA,i, λA,j)]
' −
∑
i,j
λA,iλB,j log(λA,iλB,j)− δ(λA,i, λB,i) log(λA,iλB,i)
= S(ρA) + S(ρB)−
∑
ij
δ(λA,i, λB,i) log(λA,iλB,i) (129)
where in the second step we only keep the leading order contribution. For simplifying the notations
we express the formula by discrete sum. Replacing the sum with integral we have
I(ρAB) = −
∫ λA,m
0
dλA
∫ λB,m
0
dλB
δ(λA, λB)
λAλB
[λA log λAP (λA)λBP (λB) + λB log λBP (λB)λAP (λA)]
=
∫ +∞
0
dzA
∫ +∞
0
dzB
δ(λA, λB)
λAλB
[pe(zA)pn(zB) + pn(zA)pe(zB)] , (130)
where in the second step we use λA = λA,me
−bAz2A and λB = λB,me−bBz
2
B , bA(B) = − log λm,A(B) =
c
6 log lA(B)/. By using (125) and (128) we have
I(ρAB) = 2(bA + bB)
δ(λA,0, λB,0)
λA,0λB,0
, (131)
with λA(B),0 := λA(B),me
−bA(B) . Now we can make clear what is the role of c in the perturbative
expansion of ρAB (119). For l > lc from (122) we expect δ0 :=
δ(λA,0,λB,0)
λA,0λB,0
should be of order 1c .
The perturbation calculation is reliable in this case. For l ≤ lc, δ¯0 is of order c0, the perturbation
calculation may broke down. It is still unclear why the transition occurs at the point l = lc because
the lack of the dependence of δ¯0 on l. This is a problem of eigenvalues perturbation, but we almost
know nothing on the form of δρAB . By using (131) and (122) it seems we can gain some information
on the spectrum of perturbation matrix δρAB.
3.5.3 More on A and B
Let’s go on considering two subsystems A and B in the vacuum state. By conformal mapping we can
always choose B = [0,+∞] and A = [−lA − lA′ ,−lA′ ]. As shown in Fig.2 we label A′ = [−lA′ , 0] and
B′ = [−∞,−lA − lA′ ]. One can calculate the mutual information of A,B and find the critical point
lA = lA′ .
A A ′ BB ′
Figure 2: Subsystems A, B and A′, B′.
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Let’s focus on the case lA > lA′ .. It is not hard to show in large c limit ρA′B′ is a product state
ρA′ ⊗ ρB′ . This mean A′ and B′ lose correlations, so the quantum discord Q(B′|A′) = Q(A′|B′) = 0
and classical correlation C(B′|A′) = C(A′|B′) = 0. The state ρAA′B = trB′ |0〉〈0| is a mixed state, in
general it can be written as the ensembles
ρAA′B =
∑
i
pi|ψ〉i i〈ψ|. (132)
The decomposition is not unique. One can use the entanglement of formation (EoF) to characterize
the quantum correlation between A′ and AB. For our case EoF is defined as [49]
Ef (A
′ : AB) = min
pi,|ψ〉i
[∑
i
piS(ρA′,i)
]
, (133)
where ρA′,i := trAB|ψ〉i i〈ψ|. Unlike the quantum discord, we have Ef (A′ : AB) = Ef (AB : A′).
For any tripartite state ρA1A2A3 such that trA2ρA1A2A3 = ρA1A3 and trA3ρA1A2A3 = ρA1A2 , we have
the following monogamy relation, named Koashi-Winter relation[50],
Ef (A1 : A2) + C(A1|A3) ≤ S(ρA1), (134)
with equality if ρA1A2A3 is pure. In the following we will use the Koashi-Winter relation for different
subsystems. Firstly, using the Koashi-Winter relation with A1 = A
′, A2 = B′ and A3 = AB we have
the following equality,
Ef (A
′ : B′) + C(A′|AB) = S(ρA′). (135)
It is easy to show Ef (A
′ : B′) = 0. By the definition of quantum discord we can obtain
Q(A′|AB) = I(A′, AB)− C(A′|AB) = S(ρA′). (136)
For a bipartite state, the quantum discord is equal to the entanglement entropy. So we haveQ(A′|ABB′) =
S(ρA′) = Q(A′|AB). This is what we expect since A′ and B′ lose correlation, the measurement in B′
will not effect the reduced density matrix ρAA′B.
Then, taking A1 = A
′,A2 = AB and A3 = B′ we have the following relation,
Ef (A
′ : AB) + C(A′|B′) = S(ρA′). (137)
Since C(A′|B′) = 0 we have Ef (A′ : AB) = S(ρA′). Recall the definition of EoF (133) the ensemble
{pi, |ψ〉i} that minimizes
∑
i piS(ρA′,i) satisfies
χ(ρA′) := S(
∑
i
piρA′,i)−
∑
i
piS(ρA′,i) = 0, (138)
where ρA′ :=
∑
i piρA′,i. That is the Holevo information of the mixed state ρA′ is vanishing, which
means the states {ρA′,i} are indistinguishable. Therefore, we have
ρA′,i := trAB|ψ〉i i〈ψ| = ρA′ . (139)
On the other hand we have trA′ρAA′B = ρAB, this leads to∑
i
piρ
i
AB = ρAB, (140)
where ρiAB := trA′ |ψ〉i i〈ψ|. By the definition of EoF (137) we have
Ef (A
′ : AB) =
∑
i
piS(ρ
i
AB) = S(ρA′). (141)
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From this one may calculate the Holevo informaiton of the ensemble ρAB =
∑
i piρ
i
AB,
χ(ρAB) := S(
∑
i
piρ
i
AB)−
∑
i
piS(ρ
i
AB) = S(ρAB)− S(ρA′) = S(ρAA′B). (142)
χ(ρAB) is very large, which means at least some of the states {ρiAB} are distinguishable. Moverover,
for the ensemble ρAA′B =
∑
i pi|ψ〉i i〈ψ|, we have
χ(ρAA′B) = S(ρAA′B). (143)
Therefore, we find
χ(ρAB) = χ(ρAA′B). (144)
Coming back to the physical meaning of Holevo information, the above equality tells us the mea-
surement in the region A′ cannot gain more information on the mixed state ρAA′B in the ensemble∑
i pi|ψ〉i i〈ψ|.
Finally, taking A1 = A, A2 = A
′B′ and A3 = B, we have the equality,
Ef (A : A
′B′) + C(A|B) = S(ρA). (145)
Support the ensemble
∑
i qi|φ〉i i〈φ| of the mixed state ρB′AA′ minimizes
∑
i qiS(ρ
i
A′B′) or
∑
i qiS(ρ
i
A),
where ρiA′B′ := trA|φ〉i i〈φ| and ρiA = trA′B′ |φ〉i i〈φ|. We have
ρA′B′ =
∑
i
qiρ
i
A′B′ = ρA′ ⊗ ρB′ , ρA =
∑
i
qiρ
i
A. (146)
We can calculate the Holevo information of the above ensembles
χ(ρA) := S(
∑
i
qiρ
i
A)−
∑
i
qiS(ρ
i
A) = C(A|B),
χ(ρA′B′) := S(
∑
i
qiρ
i
A′B′)−
∑
i
qiS(ρ
i
A′B′) = S(ρA′) + S(ρB′)− S(ρA) + C(A|B). (147)
The Holevo information of the ensemble ρB′AA′ =
∑
i qi|φ〉i i〈φ| is given by the entanglement entropy
S(ρB′AA′), i.e., χ(ρB′AA′) = S(ρB′AA′) = S(ρB). With some calculations we obtain
χ(ρB′AA′)− χ(ρA′B′) = Q(A|B). (148)
If A,B lose quantum correlation, that is Q(B|A) = 0, we may reproduce the result (144). The
quantum correlations between A and B can be understood as the difference between the accessiable
information in B′AA′ and A′B′.
3.5.4 Possible ansatz of the ensemble
In last section we discuss some relations of the correlations among the subsystems in the vacuum
state of holographic theory. These equalities do give us some physical explainations of the correlations
between different subsystems. However, they are useful to calculate the correlations only if we know
the desired ensemble
∑
i pi|ψ〉i i〈ψ| and
∑
i qi|φ〉i i〈φ|.
From (139) we can see the reduced density matrix by tracing over AB of the pure states |ψ〉i are
same. The pure states |ψ〉i can be seen as the purifications of the state ρA′ . Suppose |ψ〉0 is one of
the purification, one can construct other purfications by unitary operations working on AB, that is
|ψ〉i = U iAB|ψ〉0, (149)
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where U iAB is the operator located in the region AB. The ensemble is given by∑
i
pi|ψ〉i i〈ψ| =
∑
i
piU
i
AB|ψ〉0 0〈ψ|(U iAB)†. (150)
The ansatz should satisfy some constraints such as S(ρAA′B) + S(ρA′) = S(ρAB), but at present we
cannot find a way to fix the coefficients pi and unitarty operations U
i
AB. Perhaps, it can be associated
with the idea of state/surface correspodence[51]. We leave this to the future works.
4 Conclusion
In this paper we discuss correlations in the geometric states. Using the upper bound of Holevo
information we find the set of geometric states cannot be convex. Convex combination gives us a
way to construct non-geometric state. In [16] we show the superposition of two pure geometric states
cannot be geometric. In that case the criterion is that the subsystem A in the superposition state
has entanglement entropy of order c2, which is not possible for a holographic theory. But here the
entanglement entropy of A in the state ρgc is still of order c. The underlying reason may be the non-
linearity of general relativity. In this paper we assume the Shannon entropy H(pi) is of order c
0. If
the number of the combination is of order c such that H(pi) ∼ O(c), the result should be modified.
We will explore on this topic in the near future.
We construct several states with corrrelation between two CFTs. All these examples ρI,β, |Ψ〉λ and
ρII,β fail to be dual to a connected spacetime because the correlation between two CFTs is almost
vanishing. The state |Ψ〉λ is interesting, which is very similar as the thermofield doulbe state. The
microcanonical ensemble is indistinguishable for measurement located a small region comparing with
the whole system. But their difference will appear if the measurements are performed in a larger
subregion. One may use the Re´nyi entropy as a probe to detect their difference[31][32]. In [52] the
author construct a modified state of |Ψ〉λ
|ψ〉 =
∑
Ei
e−βEi/2f(Ei − E)|Ei〉1|Ei〉2, (151)
where f(x) is a function that is sharply peaked at f(0) = 1. It is expected the two point correlator
〈ψ|O1O2|ψ〉 is nonvanishing if energy-width is non-zero. It is an interesing question to evaluate the
two point correlator and compare with the proposed geoemtry dual to the state |ψ〉.
To quantify the relation between correlations and geometry it is necessary to divide the correlations
into classical and quantum ones. In this paper we try to use the geometric measures of quantum
discord and classical correlation. But we only can perform the calculations for some pure states.
The non-trivial examples of mixed state will give us more insight on important role of classical and
quauntum correlation in a given geometric state. This is a question that is worth to explore more in
the future.
We also consider two intervals A and B with distance d in the vacuum state of 2D CFTs. The feature
of CFTs with large c is the phase transition of mutual information of I(ρAB) with respect to distance
d. If the distance is larger than the critical point lc, the reduced density matrix ρAB is quasi-product,
that is ρAB = ρA ⊗ ρB + δρAB. We find the main contribution of the I(ρAB) is near the spectrum
λ0 = e
−2(bA+bB) where bA(B) = c6 log lA(B)/. The perturbation of spectrum δ¯0 from δρAB should be
suppressed by 1c . But we haven’t sucessfully expain why there is a critical point of d because of the
lack of enough information on the dependence of the perturbation δρAB on distance d.
We also analyse the correlation relations of the subsystems A,B and the complementary A′,B′ by using
the Koashi-Winter relation of any tripartite states. The classical and quantum correlation between
A and B can be expressed as Holevo information. This helps us to understand more on the physical
meaning of the correlations between A and B. A more important question is how to sew the states of
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ρA, ρA′ and ρB, ρB′ together such that they show the correlations as the geometric states. Of course
we are still far away from solving the problem. But we hope the results in this paper may help us to
catch a glimpse on the correlations in geometric states.
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A Holevo information in 2D CFTs
In this appendix we will briefly review how to calculate Holevo information in 2D CFTs. Interesting
readers may refer to [27] for more details. We only consider the contributions from the vacuum
conformal family, the entanglement entropy of a short interval [0, `] in a translation invariant state ρ
up to O(`12) is[26]
SA =
c
6
log
`

+ `2aT 〈T 〉ρ + `4aTT 〈T 〉2ρ + `6aTTT 〈T 〉3ρ
+ `8
(
aAA〈A〉2ρ + aTTA〈T 〉2ρ〈A〉ρ + aTTTT 〈T 〉4ρ
)
+ `10
(
aTAA〈T 〉ρ〈A〉2ρ + aTTTA〈T 〉3ρ〈A〉ρ + aTTTTT 〈T 〉5ρ
)
+ `12
(
aBB〈B〉2ρ + aDD〈D〉2ρ + aTAB〈T 〉ρ〈A〉ρ〈B〉ρ + aTAD〈T 〉ρ〈A〉ρ〈D〉ρ
+ aAAA〈A〉3ρ + aTTTB〈T 〉3ρ〈B〉ρ + aTTTD〈T 〉3ρ〈D〉ρ + aTTAA〈T 〉2ρ〈A〉2ρ
+ aTTTTA〈T 〉4ρ〈A〉ρ + aTTTTTT 〈T 〉6ρ
)
+O(`14), (152)
where T ,A,B and D are the quasiprimary operators, aT ,aTT ...are constant coefficients[26]. From (2) to
calculate Holevo information we need to evaluate the averge entanglement entropy
∑
i piS(ρi), which
is associated with the average one-point functions such as∑
i
pi〈T 〉2i ,
∑
i
pi〈T 〉i〈A〉i, (153)
and so on. The Holevo information of a short interval in the canonical ensemble state with inverse
temperature β is an example that is shown in in [27]. For X = T,A and Y = T,A, it can be shown
pi〈X 〉i〈Y〉i = 1
L
∫ L
2
−L
2
dx〈X (x)Y〉β, (154)
where pi = e
−βEi/Z(β). Using this formula one can evaluate the Holevo information up to order
O(`10). But for higher order quasiprimary operators B and D, we cannot use this formula [27]. To
calculate the order O(`12) we need∑
i
pi〈B〉2i ,
∑
i
pi〈D〉2i ,
∑
i
pi〈T 〉i〈A〉i〈B〉i, ..., (155)
and so on. For the microcanonical ensemble pi =
δ(Ei−E)
Ω(E) , let’s firstly consider
GX1X2...Xk(λ) :=
1
Ω(E)
∑
i
〈Ei1 |X1|Ei2〉〈Ei2 |X2|Ei3〉...〈Eik |Xk|Ei1〉δ(Ei1 − E)δ(Ei2 − E)...δ(Eik − E),
with X1,X2 = T,A,B,D. If X1,X2 = T,A, or one of the Xk is B or D, say X1, the expression can
be associated with the average one-point functions (155). |Eij 〉 are in same energy level, so only zero
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mode of T and A give the contributions to expectation value. Zero mode of T and A are commutative,
the states Eij can be organized as the common eigenstates of T and A. Therefore, with Xi = T,A or
one of the Xk is B or D, GX1X2...Xk(λ) is equal to
1
Ω(E)
∑
i
〈X1〉i〈X2〉i...〈Xk〉iδ(Ei − E), (156)
where 〈Xj〉i := 〈Ei|Xj |Ei〉. We are interested in the thermodynamic limit L→∞. It can be shown
lim
L→∞
GX1X2...Xk(λ) = 〈X1〉λ〈X2〉λ...〈Xk〉λ, (157)
where 〈Xj〉λ := 1Ω(E)
∑
i〈Xj〉i. By using the definition of (2), the calculation of Holevo information
will involve the terms
aX1X2...Xk
(
〈X1〉λ...〈Xk〉λ − 1
Ω(E)
∑
i
〈X1〉i...〈Xk〉iδ(Ei − E)
)
. (158)
By using (157) we find all of the terms are vanishing except
aBB
(
〈B〉2λ −
1
Ω(E)
∑
i
〈B〉2i
)
+ aDD
(
〈D〉2λ −
1
Ω(E)
∑
i
〈D〉2i
)
. (159)
One could also check the Holevo information is vanishing up to O(`10) by directly taking the limit
L→∞ of the exact results in [27].
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